HARNACK-THOM THEOREM FOR HIGHER CYCLE GROUPS 
AND PICARD VARIETIES 



JYH-HAUR TEH 

Abstract. We generalize the Harnack-Thom theorem to relate the ranks of 
the Lawson homology groups with Z2-coefficients of a real quasiprojective va- 
riety with the ranks of its reduced real Lawson homology groups. In the case 
of zero-cycle group, we recover the classical Harnack-Thom theorem and gen- 
eralize the classical version to include real quasiprojective varieties. We use 
Weil's construction of Picard varieties to construct reduced real Picard groups, 
and Milnor's construction of universal bundles to construct some weak models 
of classifying spaces of some cycle groups. These weak models are used to 
produce long exact sequences of homotopy groups which are the main tool in 
computing the homotopy groups of some cycle groups of divisors. We obtain 
some congruences involving the Picard number of a nonsingular real projective 
variety and the rank of its reduced real Lawson homology groups of divisors. 



1. Introduction 

In Friedlander and Lawson constructed Lawson homology and mor- 

phic cohomology, which serve as an enrichment of singular homology and singular 
cohomology, respectively, for complex projective varieties. In |18| . the author con- 
structed parallel theories for real projective varieties which are called reduced real 
Lawson homology and reduced real morphic cohomology. They enjoy many nice 
properties such as the Lawson suspension property, the homotopy invariance prop- 
erty, the bundle projection property, the splitting properties and for each theory 
there exists a localization long exact sequence. By using the Friedlander-Lawson 
moving lemma (see 0), it is shown that there is a duality theorem between Law- 
son homology and morphic cohomology (see and a duality theorem between 
reduced real Lawson homology and reduced real morphic cohomology (see [18] ^> . 
Furthermore, this duality is compatible with Poincare duality. 

The Harnack theorem says that a nonsingular totally real curve of degree d in 
RP 2 has at most g{d) + 1 connected components where g{d) = ( d ~ 1 K d ~ 2 ) _ Later on 
Thorn generalized Harnack's result to a statement which says that for a real projec- 
tive variety X, the total Betti number B(X), B(ReX) and the Euler characteristic 
x(X),x(ReX) in ^-coefficients of X and the real points ReX of X respectively 
satisfy the following relations(see |21 191 119j1: 

B(ReX) < B(X),B{ReX) = B{X)mod 2, X (ReX) = x(X)mod 2 

In section 2 we give an overview of Lawson homology and reduced real Lawson 
homology. In section 3 we prove a splitting theorem which is the core of the proof of 
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our main theorem. In section 4 we extend the classical Harnack-Thom theorem to a 
statement involving the ranks of Lawson homology groups with Z2-coefficients and 
the ranks of reduced real Lawson homology groups. For 0-cycle groups, we recover 
the Harnack-Thom theorem and generalize it to real quasiprojective varieties, in 
which case we need to use Borel-Moore homology instead of singular homology. 
To construct some nontrivial examples, we apply Weil's construction of Picard 
varieties to construct reduced real Picard groups in section 5. In section 6 we 
prove a vanishing theorem for the reduced real Lawson homology groups of divisors 
and under some mild conditions, we get the following result by applying our main 
theorem from section 4: 

p(X) + 1 = dimz 2 iroR m -i(X) + dimz 2 iriR m -i(X)mod2 

where p(X) is the Picard number of X. 

The results of this paper suggest that Lawson homology and reduced real Lawson 
homology are useful enrichments of singular homology. 

2. Review of Lawson homology and reduced real Lawson homology 

Let us recall some basic properties of Lawson homology and reduced real Lawson 
homology (see [31 EH) For a projective variety X, denote the set of effective 
p-cycles of degree d by ^ p4 {X). By the Chow Theorem (see QB]), ^d(X) can be 
realized as a complex projective variety. With the analytic topology on c € p4 {X), we 
get a compact topological space K p4 (X) = ]J dl+d2 < d ¥> P ,d x {X)x% 42 {X)l ~ where 
~ is the equivalence relation defined by (a, b) ~ (c, d) if and only if a + d = b + c. 
These spaces form a filtration: 

K pfi {X) C K pA (X) C K Pt2 {X) C • • ■ = Z p (X) 

where Z p (X) is the naive group completion of the monoid ^(X) = JJ d>0 < H> v ,d(X'). 
We give Z P (X) the weak topology defined by this filtration, i.e., U C Z p (X) is open 
if and only if U PI K P:d {X) is open for all d. We define the n-th Lawson homology 
group of p-cycles to be 

L p H n (X) = n n -2 P Z p (X) 

the (n — 2f>)-th homotopy group of Z p (X). We define the n-th Lawson homology 
group with Z 2 -coefficients of p-cycles to be 

L p H n (X;Z 2 ) = n n - 2p (J^) • 

For the zero-cycle group, by the Dold-Thom Theorem, we have an isomorphism 

Lo-Hn(X;Z 2 ) = H n (X;Z2) 

between Lawson homology and singular homology. 

For a quasiprojective variety U, there exist projective varieties X and Y where 
Y C X such that U = X — Y. The Lawson homology group of U is defined to be 

vwto-^(!$). 
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It is proved in JEj that this definition is independent of the choice of X and Y . We 
define Lawson homology with Z2-coefficients of U to be 

/ z p (x) \ / z p (x) \ / z p (x) 

L p H n (U;Z 2 ) = 7T„_ 2p Z P AY) = 7T„_ 2 p o z p (X) = nn ~ 2 P 2Z P (X) 
\ 2Z P (Y) J V^Z^FJ/ \ 2Z P {Y) 

For the zero-cycle group, by the Dold-Thom Theorem (see 4 Proposition 1.6), we 
have an isomorphism 

L H n (U) = H* M (U) and L H n {U;Z 2 ) = H^ M (U;Z 2 ) 

where H^ M denotes Borel-Moore homology. 

A real projective variety X C P™ is a complex projective variety which is invari- 
ant under conjugation. Equivalently, it is a complex projective variety defined by 
some real polynomials. Conjugation induces a ^-action on Z p (X). Let Z p (X)r be 
the subgroup of p-cycles on X which are invariant under this action and let Z p (X) av 
be the subgroup consisting of cycles of the form c + c where c G Z p (X) and c is the 
conjugate cycle of c. These two subgroups are endowed with the subspace topology. 
Define the reduced real p-cycle group to be 

It is shown in p3 :; Proposition 2.3 that Z p (X) av is a closed subgroup of Z p (X)i& and 
in the Appendix of [IHj that all these cycle groups Z P (X), Z P (X) R , Z p (X) av , R P (X) 
are CW-complexes. We define the n-th reduced real Lawson homology group of 
p-cycles to be 

RL p H n (X) Rp(X). 

For zero cycles, it is shown in ^S] Proposition 2.7 that RL^H n (X) = H n (ReX; Z 2 ), 
the singular homology group of the real points of X. 

We define the reduced real Lawson homology group of a real quasiprojective 
variety U = X — Y to be 

■R p (xy 



RL p H n (U) = tf 



n—p 



R P (Y) 



where X,Y are real projective varieties and Y C X. It is shown in JHj that this 
definition is independent of the choice of X, Y, For the group of zero cycles, we 
have RL H n (U) = n n (gjp}) = H* M (ReU;Z 2 ). 

3. The Splitting Theorem 

Let us recall that the real part RP(C) of a cycle C, roughly speaking, is the part 
consisting of irreducible real subvarieties and the averaged part AP(C) of a cycle 
C is the part consisting of conjugate pairs of complex cycles. The imaginary part 
is the part left after canceling out the real and averaged parts. We give the precise 
definition in the following: 

Definition 3.1. For any f G Z p (X), let f — X^e/ ^ e ^ n ^ e reduced form, 
i.e., each Vj is an irreducible subvariety of X and Vi — Vj if and only if i = j. Let 

i£l,Vi=Vi 
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which is called the real part of f . Let 

J = {i G I\Vi is not real and Vi is also a component of /} 

and for i £ J , let mi be the maximum value of the coefficients of Vi and Vi. Define 
the averaged part to be 

AP{f)=J2 m i(Vi + Vi) 

and the imaginary part to be 

IP(f) = f-RP(f)-AP(f). 



It is easy to sec that / is a real cycle if and only if IP(f) = and a real cycle g 
is an averaged cycle if and only if RP{g) is divisible by 2. 

In the following, we will assume that A" is a real projective variety. 

Proposition 3.2. The following sequence is exact: > ^(x) R 2Z ^(X) 

Z p (X) al ^ Q 

2Z P (X)^ 

Proof. It is easy to check that i(f + 2Z p (X) R ) = f + 2Z p (X) is well defined and 
injective and (l + c*)(/ + 2Z p (X)) = f + f + 2Z p (X) R is well defined and surjective. 
The map 1 + c* sends the image of i to 0, thus the only thing we need to prove is for 
/+/ G 2Z p (X) m , f is in Z p (X) m . Since /+/ = 2RP(f)+2AP(f)+IP(f)+IP(f) £ 
2Z p (X) R , this implies that IP(f) = IP(f) = so / G Z p (X) R . □ 

Definition 3.3. Let Q p (X) be the collection of all averaged cycles c such that there 
exists a sequence {v{\ C Z p (X) R where Vi = RP{vj) for all i and Uj converges to 
c. It is not difficult to see that Q p (X) is a topological subgroup of Z p {X) av . Let 
ZQ p (X) R = 2Z p (X)th + Q p (X) denote the internal sum of 2Z p (X) R and Q P (X). 
Then ZQ p (X)th is again a topological subgroup of Z p (X) av . The group Q p (X) is 
the intersection of the closure of the group formed by irreducible real p-subvarieties 
with the averaged p- cycle group. Thus ZQ p (X)k is a closed subgroup. 

Proposition 3.4. For a real projective variety X , ZQo(X)^ — 2Zo(X) R . 

Proof. The free abelian group Z (ReX) generated by real points of X is closed in 
Z (X), so if c G Q Q {X), then c G 2Z Q (X) R (see Proposition 2.7 in [IB]). □ 

The following example was given by Lawson to show that the set of 1-cycles 
formed by irreducible real subvarieties may not be closed which contrasts to the 
case of 0-cycles, i.e., ZQ p (X)r may not equal to 2Z p (X)r if p > 0. 

Example 3.5. In P 2 , consider the sequence of irreducible real subvarieties V e — 
zero locus of X 2 + Y 2 — eZ 2 . As e converges to 0, V e converges to the cycle formed 
by two lines X = iY and X = —iY which is an averaged cycle but not in 2Z p (X)r. 

Lemma 3.6. Suppose that the sequence {AP(fi)} converges to f where fi G Z p (X), 
then RP(f) G 2Z p (X) R . 

Proof. Since AP(/;) G Z p (X) av and Z p {X) av is closed, / is in Z p {X) av so RP(f) G 

2Z p (x) R . ' 'a 
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Lemma 3.7. Define AP : — by 

f + ZQ P (X) R .— > AP(/) + ZQ P (X) R . 
TVien is continuous. 

Proof. There is a filtration called the canonical real filtration 

K x C K 2 C K 3 C • • • = Z p (X) R 

where each Ki is compact and the topology of Z p {X) R is given by the weak topology 
induced from this filtration. Thus the filtration 

Ki + ZQ P (X) R c K 2 + ZQ P (X) R c • • • = 2Q p ^x) R 

defines the topology of zq* x ] k ■ 

To show that AP is continuous, it suffices to show that AP maps convergent 
sequences to convergent sequences. The reason is as follows: by elementary point- 
set topology, AP is continuous if and only if AP(A) C AP{A) for any subset 
A C where A is the closure of A. Let tt : ZJX) R -> be the 

Z ( X) 

quotient map. For any subset A C 7 A ( v\ -> since 7r is an open map, we have 

7r _1 (^4) C 7r _1 (.A) where A is the closure of A. Hence for x E A, there is y G 7r _1 (A) 
such that ir(y) = x. Since Z p (X) R is a CW-complex (actually it is also a metric 
space), there is y n £ 7r _1 (A) such that y„ — > y. If ^LP maps convergent sequences to 
convergent sequences, we see that AP(n(y n )) converges to AP(x). Since n(y n ) G A 

and 7r(y) = x, we have AP(x) G AP(j4) which implies that AP is continuous. 

Suppose that fi + ZQ p {X) R converges to ZQ p (X) R . Since A = {fi + ZQ p (X) R }\J 
{ZQ p {X) R } is compact and zQ^fx) s * s Hausdorff, by Lemma 2.2 in 18 , A C 
+ ZQ p (A")r for some n. Thus there exists <7, G K n such that under the quotient 
map q, q{gi) = fi + ZQ p {X) R for all i. The set K n is compact, thus {gi} has a 
convergent subsequence. 

Let {gij} be a subsequence of {gi} which converges to g. Since gij + ZQ p {X) R 
converges to ZQ p (X) R , we have g G ZQ p (X) R . The set {gij} C X„ and each 
gij is a real cycle which implies that {AP(gij)} C K n and hence {AP(#y)} has 
a convergent subsequence. Let {AP(gijk)} be a subsequence of {AP(gij)} which 
converges to a real cycle h. Since {gijk} is a subsequence of {<7y}, it converges to 
g, hence 

RP(gijk) = gi 3 k - AP(g ijk ) — > 5-/1. 

By LemmaEnil RP(h) G 2Z p (X) R and since RP(g) G 2Z p (X) a we have RP(g-h) G 
2Z p (A")r. The cycle g — h is a real cycle and this implies g — h G Z p (X) av . 
Furthermore, since — > g — h, by definition, g — /i G Q P (X) C ZQ p (X) R . 
The cycle g is in ZQ p (X)r thus h G ZQ p (X)r. Passing to the quotient, we see 
that AP(gijk) + ZQ p (X) R — > h + ZQ p (X) R = ZQ p (X) R for any convergent 
subsequence {AP(g ljk )} of {AP(. 9y )}, thus AP(gij) + ZQ P {X) R — > ZQ P {X) R . 
For any convergent subsequence {g^} of {gi}, AP(g.ij + ZQ p (X) R ) = AP(gij) + 
ZQ p (X) R converges to the point ZQ p (X) R . Consequently, this implies that AP(gi+ 
ZQ p (X) R ) = AP(fi + ZQ p (X) R ) converges to ZQ p (X) R . So AP is continuous. □ 
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Lemma 3.8. Define RP : ^j$L — ^f§«_ by 

f + Z p (X) av — ► PP(/) + ZQ P (X) R . 
TTien -RP is continuous. 

Proof. We proceed as in the proof above. The canonical real filtration 

K x C K 2 C AT 3 C • • • = Z p (X) M 

induces a filtration 



K x + Z p (X) av CK 2 + Z p {X) av C • • • = 



z ( x) 

which defines the topology of z P lx)*» anc ^ filtration 



Z p (X)r 
Z P (X) av 



K x + ZQ P (X) R cK 2 + ZQ P (X) R c • • • = 

which defines the topology of zQ^fx) R ■ 

By an argument similar to that of the previous proof, it suffices to prove that RP 
maps convergent sequences to convergent sequences. Suppose that /, + Z p {X) av 
converges to Z p (X) av . Since A = {/; + Z p (X) av } U {Z p (X) av } is compact, we have 
A C K n + Z p (X) av for some n. Thus there exists gi G K n such that under the 
quotient map q, q(gi) — fi + Z p (X) av for all i. Let {gij} be a subsequence of {gi} 
which converges to g. Since g^ + Z p (X) av converges to Z p (X) av , this implies that 
g G Z p (X) av . The set {g^} C K n implies that {RP{g lJ )} C K n thus {RP{g lj )} has 
a convergent subsequence. Let {RP(gijk)} be a subsequence of {RP(gij)} which 
converges to a real cycle h. Since {gijk} is a subsequence of {<?ij}, it converges to 
g, hence 

AP(g ijk ) = gij k - RP(g ljk ) — ► g - h. 

By Lemma ESI RP(g - h) G 2Z p (X) R and since PP(ff) G 2Z p (X) R we have 
RP(h) G 2Z p (X)r. The cycle h is a real cycle and thus h G Z p (X) al \ Furthermore, 
{RP(gijk)} — ► ft, so by definition, h G Q P (X). Passing to the quotient, we see that 
RP(g ijk )+ZQ p (X) M — > /i+^Q p (X) K = ZQ P (X) R . Thus PP( 5y )+ZQ p (X) R — » 
ZQ p (X)r. For every convergent subsequence {gij} of {<?;}, RP(gij + Z p (X) av ) con- 
verges to the point ZQ p (X)r, thus RP(gi + Z p (X) av ) — ► ZQ p (X) R and therefore 
RP is continuous. □ 

Theorem 3.9. fTTie splitting theorem) zq \x) R ^ s isomorphic as a topological 
group to x 

Proof. Define : — fgfe x Wl by / + ZQ p (X) R ^ (/ + 

Z p (*r, AP(/) + ZQ p (X) R ) and define : x W_ _^ by 

(/ + Z p (X) av ,g + ZQ p (X) R ) .— » PP(/) + .g + ZQ p (X) R . By the two Lemmas 
above, "0 and (f> are continuous and it is easy to check they are inverse to each 
other. □ 



harnack-thom theorem for higher cycle groups and picard varieties 7 

4. The Generalized Harnack-Thom Theorem 

While it is easy to produce an exact sequence H <— > G — ► G/H of topological 
groups, it is cumbersome to verify that it is a locally trivial principal iJ-bundle, and 
worse, it may not be in general. But the long exact homotopy sequence induced 
by a fibration is extremely useful in homotopy group calculation. We use Milnor's 
construction of universal bundles to construct some weak models of the classifying 
spaces of some cycle groups. They are used to produce long exact sequences of 
homotopy groups. To make everything work out, we need to work in the category 
of compactly generated topological spaces CQ (see [TT) 1 ). 

We recall that a space X is compactly generated if and only if X is Hausdorff 
and each subset A of X with the property that A n C is closed for every compact 
subset C of X is itself closed. Since the topology of our cycle groups is defined by a 
filtration of compact Hausdorff spaces, all groups we are dealing with are in CQ. To 
make sure the quotient G/H is in this category, we need H to be a normal closed 
subgroup of G. 

Let us recall Milnor's construction of universal G-bundles. We adopt the notation 
from page 36 of pj. For a topological group G, let Cq = {G x I)/(G x {0}) be 
the cone on G, and the n-th join, G* n , is the subspace of Cg x • • • x Cq of points 
((g , t ),..., (g„,t n )) such that = 1. Thus G* n C G< n+1 \ For a topological 
group G 6 CQ, as in 0, we give E(G) = UG*™ the weak topology determined by 

n 

G* n instead of Milnor's strong topology for arbitrary topological groups. Then we 
have a continuous action of G in E(G) given by 

{(go, to), -, (g n ,t n )) ■ g = ((gog,h), (g n g,t n )). 

Set B(G) = E(G)/G and let p G : E(G) -> B(G) be the quotient map. Then 

• pa ■ E(G) — ► B(G) is a principal G-bundlc. 

• n k (E(G)) = for k > 0. 

The space B(G) is called the classifying space of G and we have nk+i{B(Gj) = 
7Tfe(G). We say that a space T is a weak model of BG if T is weak homotopy 
equivalent to BG, i.e, they have the same homotopy groups. 

The following result is the main tool that we use to produce long exact sequences 
of homotopy groups. A similar argument for topological groups which are CW- 
complexes can be found in Theorem 2.4.12 of [Q. 

Proposition 4.1. Let H , G G CQ be two topological abelian groups and H be a 
closed subgroup of G. Then we have a long exact sequence of homotopy groups: 

> n k+1 (G/H) -» n k (H) -» 7T k {G) -» 7r k (G/H) - ••■ 



From this result, when we have a short exact sequence O^H^G^K^O 
of topological abelian groups such that K is isomorphic to G/H, it induces a long 
exact sequence of homotopy groups. By abuse of terminology, we will call this long 
exact sequence the homotopy sequence induced by the short exact sequence. 
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Proof. From the principal iJ-bundle 

H — 



■E(G) 



E(G)/H 

We see that E(G)/H is a weak model of B(H). 

The group G/H, which is also in CQ since H is a closed subgroup, acts on 
E(G)/H and we have (E(G/H) x E(G))/G = (E(G/H) x (E(G)/H))/(G/H) 
which is a weak model of B{G). We have a fibration 



E(G)/H- 



(E(G/H) x E(G)/H)/(G/H) 



E(G/H)/(G/H) 

given by the first projection which induces a long exact sequence of homotopy 
groups 

• ■ ■ - 7T k+1 (G/H) - n k (H) - 7r fe (G) - 7r fe (G/ff) - • • ■ . 
Note that since G may not be CW-complexes, the homomorphisms in the long 
exact sequence may not be induced by maps between H and G. □ 

We recall that for a surjective morphism : G — ► G' between topological groups 
G, G', if is an open map or closed map, it induces an isomorphism of topological 
groups G/Kercf) = G' . And for two normal subgroups H\ C H 2 C G, we have 
{G/H X )/{H 2 /H X ) = (G/H 2 ). 



T „i A _ z p( x )k 



z P (xr 

ZQ P (X) K 



, G 



B = 

ZQ P (X)]R 
2Z P (X)^ 



Z P (X) 
2Z P {X) ■ 



C 



2Z P (X)^_ ' 



D 



ZQp(X)i& 



E 



Z p (X)i& 
Z P (X)°» 



Proposition 4.2. (1) The map 1 + c* : Z p (X) — ► Zp(X) a^ ' is a closed map. 



(2) TTie map 1 + : £> 

(3) T/ie natural map </> 

(4) TTie natural map <fi 

(5) T/ie natural map </> 



— ► C is a closed map. 

A ► E is open. 

A — ► D is open. 
C — ► F is open. 



Proof. (1) Let K\ C K 2 C • • • C Z P (X) be the canonical filtration and K^ v C 
K% v C • • • C Z p (X) av be the canonical averaged filtration. Let G C Z P (X) 
be a closed set. Then (1 + c.)(C) n iff" = (1 + c*)(C n X^) which is 
compact thus closed for all i. Therefore, (1 + c*)(C) is closed. 
(2) Consider the following commutative diagram: 



Z P (X) 



l+c, 



z v (xy 



Z V (X) l+c. Z P (X)° 



2Z P (X) 2Z P (X)„ 

2Z (x) ^ e a c l° se( i subset. Then ir^ (G) is closed which implies 
(1 + c*)(G) = (1 + c*)(7r 1 ~ 1 (G)) is closed. Since 7r 2 is a quotient map, 



Let G C 



it follows that (1 + c*)(G) is closed. 
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(3) We have a commutative diagram 

Z p (X) 





Z P (X) R g P (X) E 

2Z p (X) m Z P (X)^ 

Since 7Ti,7T2 are open maps, <p is also an open map. 
The proof of (4) and (5) are similar to the proof of (3). □ 

In the following Proposition, we use the notation T n to denote the n-th homotopy 
group of T where T is any of the groups A, G. We note that all these groups are 
Z2-spaces so their homotopy groups are vector spaces over Z 2 . 

Proposition 4.3. We have the following short exact sequences: 

(1) ^ A — > B — >C -*-0 

(2) -> C — > A — > E -► 

(3) Q->G — >A — >D^0 

(4) O^G — >C — >F^Q 
They induce long exact sequences: 



(1) • 


c 7 


' -fin 


O.TI 






c„ 


► A„_i — > 


(2) • 


e T 


— ' L'n 


c' 


> A °" 

' sin 


► -En 


e n 


* C„_i — ► 


(3) • 


d, 


>+i n 
' " n 




> A a " 
* -tin 


♦A* 


d n 


■* Gn—l y 


(4) • 


. . fr 


i+l n 


<j'n 






/„, 


■ G n -i — ► 



Proof. (1) By Proposition 13.21 A is isomorphic to ker(l + c*). The map 1 + c* 
is surjective and closed by Proposition 14.21 thus C is isomorphic as a topological 
group to S/feer(l + c*). Hence we have the first exact sequence and by Proposition 
14.11 we have the first homotopy sequence. A similar argument works for (2), (3) 
and (4). □ 

Since every topological abelian group is a product of Eilenberg-Mac lane spaces, 
we are able to compute the homotopy types of topological abelian groups from 
knowledge of their homotopy groups alone. 

Example 4.4. The homotopy types of the seven groups mentioned above for 1- 
cycles onf 2 are A = K(Z 2 ,0) X K(Z 2 , 1) X K(Z 2 , 2), B = K(Z 2 , 0) X K(Z 2 , 2), C = 
K(Z 2 , 2), D = E = K(Z 2 , 0) x K(Z 2 , 1), F = 0, G = C. 

Definition 4.5. Suppose that X is a real quasiprojective variety. We define the L p - 
total Betti number of X with Z 2 - coefficients to be B{p){X) = J^'kLty dimz 2 L p Hk(X; Z 2 ) 
where 

L p H k (X;Z 2 ) = iTk-i P { 2 2 p^y ). 

We define the real L p -total Betti number to be (3(p)(X) — Y^kL p dimz 2 RL p Hk(X). 
We call Xp(X) = ^2 C kL 2p (—l) k dimz 2 L p Hk(X;Z 2 ) the L p -Euler characteristic of 
X with Z 2 - coefficients and Rx P (ReX) = YlkL p (~ ^) k ~ p dimi 2 RL p Hk(X) the real 
L p -Euler characteristic. 



Let B(p)(X) m = £~ ^^(a^a) 
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Theorem 4.6. Suppose that X is a real projective variety. IfB(p){X) andB(p)(X) R 
are finite, then 

(1) X P {X) = R Xp {ReX) mod 2 

(2) B(p)(X) = (3{p){X) mod 2 

If in addition G is weakly contractible, then 

(3) B(p)(X)>j3(p)(X). 

Proof. To simplify the notation, we use the same notation as in Proposition ^. 3l but 
with different meaning. We use M n to denote the rank of the n-th homotopy group 
of M, Kerg n and Img n the rank of the kernel and the rank of the image over Z2 
of a homomorphism g n respectively. 

From the finiteness assumption on B(p)(X) and B(p)(X)m, we know that Y^n=o ^ n 
and X)n=o En are finite from the long exact sequence 1 and 2 respectively in Propo- 
sition 

(1) From the first two long exact sequences in Proposition ^. 31 we have Xp(B) = 
X P (A) + Xp {C) and Xp {A) = X P (C) + X P (E), thus Xp (B) = X P (E) mod 2. 

(2) From the long exact sequence 1, we have A n = Imc n+ i + Ima n = C„+i — 
fcerc n +i + B n — Imb n and from the long exact sequence 2, we have A n = 
Ima' n + Imc' n = E n — kerc' n _ 1 + c n — kerc' n . Simplifying the equation and 
taking sums, we get J2B n = J2E + 2 J2(kerc n — kerc' n ). Thus B(p)(X) = 
0{p){X) mod 2. 

(3) If G is weakly contractible, then iTk{G) = for all fc. From the long exact 
sequence 3 and 4, we have A n — D n and C n = F n . Since by Theorem 
13.91 D n = E n + F n , we have A n = C n + E n for all n. From the long 
exact sequence 1, we have A n = C n +\ — kerc n+ i + B n — Imb n . Thus 
C n + E n < C n +i + B n . Taking the sum over all n, we have Yl E n < ^ B n 

□ 

For zero-cycles, to simplify the notation, we simply write B{X) — B(0)(X), B(ReX) 
P(0)(X),x(X) = Xo(X) and x{ReX) = Rxo(ReX) which are the standard total 
Betti numbers and Euler characteristic of X and ReX in Z2-coefficients. 

Corollary 4.7. (Harnack-Thom Theorem) Let X be a real projective variety. Then 

(1) B{X) > f3{ReX) 

(2) B(X) = P(ReX) mod 2 

(3) x{X) = x(ReX) mod 2 

Proof. For p = 0, by Proposition El ZQ {X) n = 2Z a (X) R , thus G = Z 2 z°(x)" 
is trivial. By the Dold-Thom theorem, 7r fe (J^l) = H k (X;Z 2 ), ^ki ^zuxD = 
BlkiXjTL^ Z2) where XjTLi is the orbit space of X under the action of conjugation. 
Thus B(0)(X) and B(0)(X) R are finite. The result now follows from the Theorem 
above. □ 

Suppose that Y C X are real projective varieties and U = X — Y is a real 
quasiprojective variety. Let A, B, G be the cycle groups of X defined as above 

Qn^l W A' — z p( Y )s r>i Zp(Y) _ Z p (Y) a ^ n / _ Z P (Y) K p/ Z P (Y) K 

ana let a - 2Zp{Y)m , & - jz^JY)^ ~ 2Z P (Y) R > u ~ zq p (y\^ a - z p (Y)™, 

p , _ Z p (Y) a " r , _ ZQ p (Y) m 
C ~ ZQ P (Y) R i u - 2Z p (Y) m ■ 
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We can check as in Proposition 2.8 of ^B] that T" is embedded as a closed 
subgroup of T thus we identify T' with its image in T for any group T above. To 
simplify the notations, we will use (T") to mean the image of T" in T . 

Lemma 4.8. We have two short exact sequences of topological abelian groups: 

(1) O^^f^-O, 

(2) 0^§-£-# -0 
and an equation 

B E F 
~D> ~ E 7 X F 7 ' 

Proof. We prove that the first sequence is exact and similar argument works for the 
second one. Injectivity: let a 6 Z p {X)^ and a + 2Z p (X) + ( 2Z^(Y) ) e ( 2Z%r) )> tnen 
a = 2fo + c where b G Z p (X), c s Z p (Y) and we may assume 6, c have no common 
components and the conjugation of each component of c is not a component of 
b. Since a is real, 6, c are real hence a is in j^. It is trivial that the image of 
i is contained in the kernel of 1 + c* and the map 1 + c* is surjective. Suppose 
that for a E Z p {X), a + a + 2Z P (X) W + ( f§^F^ ) € Since a + a = 

2PP(a) + 2AP(a) + IP(a) + IP(a), we have IP{a) + IP (a) € Z p (Y) av . From the 
definition of IP, we see that IP(a) £ ^(T). Therefore i sends RP(a) + AP(a) + 
2Z p (X)r + ( 2z 7y) ) to a + 2Z p (A")r + ( 2zF(Y) R ) wmcn implies that the sequence is 
exact. □ 

By a similar calculation as in Theorem 14. 61 we get 

Theorem 4.9. Suppose that U is a real quasiprojective variety. If B(p)(U) and 
B(p)(U)s. are finite, then 

(1) Xp{U) = Rxp(ReU) mod 2 

(2) B{p){U) = 0(p)(U) mod 2 

If in addition ^ is weakly contractible, then 

(3) B(p)(U)>p( P )(U). 

Corollary 4.10. (Harnack-Thom Theorem for real quasiprojective varieties) Sup- 
pose that U is a real quasiprojective variety. Let B BM (U), j3 BM (ReU), x BM (U), x BM (ReU) 
denote the total Betti number and the Euler characteristic of U and Re(U) respec- 
tively in the Borel- Moore homology with Z2- coefficients. Then 

(1) (3 BM (ReU) < B BM (U) 

(2) B BM (U) = !3 BM {ReU) mod 2 

(3) x BM {U) = x BM (ReU) mod 2 

Proof. By the Dold-Thom theorem of Z2-coefficients, we have 

7T fe (JjjjS)) = H k M {U-Z 2 ) and 7T k R Q (U) = H BM (ReU;Z 2 ) 

For zero-cycles, the equation = -Jv x -J^ becomes jp- = -Jv x ^7. Now Theorem 
suffices to finish the proof. □ 



Example 4.11. From the Splitting Principle in reduced real morphic cohomology 
(see Theorem 5.4 in ) and the Duality Theorem between reduced real morphic 
cohomology and reduced real Lawson homology (see Theorem 5.14 in JHjA we get 

R^P 1 x P 1 ) = PoOP 1 ) x RiiP 1 ). 
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Thus ttoC-R^P 1 x P 1 )) = Z 2 8 Z 2 , ^(^(P 1 x P 1 )) = Z 2 . fixiCKP 1 x MP 1 ) = 
1, /3(1)(P 1 x P 1 ) = 3. From the Splitting Principle in morphic cohomology (see 
Theorem 2.10 in @) and the Duality Theorem between morphic cohomology and 
Lawson homology, we have 

ZxfP 1 x P 1 ) = Z (P 1 ) x ZiQP 1 ) 

iu/mc/j gives ^o(^pFi^jry) = Z 2 © Z 2 , 7r 2 ( 2zf^P*xV ^) ) = Xi( pl X P 1 ) = 

S(1)(P 1 x P 1 ) = 3. 

Example 4.12. Consider C n = V 1 — P™ . From ifte Lawson Suspension Theorem, 
we are able to get ^ = K(Z 2 , 2(n — p)), R p (C n ) = K(7Li,n — p). Therefore we 
have 



L p H k (C n ] Z 2 ) 



RL p H k (C n ) = 



Z 2 , if k = 2n 

0, otherwise. 

Z 2 , if k = n 

0, otherwise. 



and then x p (C") = l,i2 Xp (R n ) = (-l)" _p , B(p)(A n ) = (3(p)(A n ) = 1. 

The reduced real Lawson homology groups of a variety naturally depend on 
its real structure. Two real projective varieties may be isomorphic as complex 
projective varieties, but they may not be isomorphic as real projective varieties. 
Thus reduced real Lawson homology groups may be used to distinguish two real 
projective varieties. 

Example 4.13. Let X be the smooth quadric defined by the equation x 2 + y 2 + 
z 2 = in P 2 . The variety X is complex algebraically isomorphic to P 1 but not 
real algebraically isomorphic to P 1 since X has no real point. Therefore all the 
reduced real Lawson homology groups of zero-cycles on X are trivial but B(0)(X) = 
Xo(X) = 2. 

5. A CONSTRUCTION OF WEIL 

Throughout this section, X is a nonsingular projective variety of dimension m. 
Let G be the fundamental group of X and G' be the commutator-group of G. Then 
H = G/G' = Hi(X,Z) is the first homology group of X with integral coefficients. 

Definition 5.1. Let p : (X. y) — > {X,x) be a covering map where X,X are 
complex manifolds. The covering is said to be abelian if p*TTi{X,y) = G' . 

For an abelian covering, the group of deck transformations is isomorphic to H. 
Every element a G H determines an automorphism of X, transforming each point 
s of X into a point er(s) lying over the same point s in X . 

Let e be a group homomorphism of H into the multiplicative group C*. A 
multiplicative function on X with the multiplicator-set e is a non-identically zero 
meromorphic function <f> on X such that 4>(as) = 4>(s)e(a) for all s G X, a € H. 

Let T be the torsion subgroup of H . A multiplicator-set which is 1 on T is called 
special. Let &x be the group of all special multiplicator-sets e where |e(<r)| = 1 for 
all a £ H. A divisor Z on X is defined by a meromorphic multiplicative function 
(j> on X, as explained in Page 873 of [201; by taking the zero locus of cj), and the 
multiplicator-set of <fi is special if and only if Z is algebraically equivalent to zero. 
It is proved in [20 that 9x is an abelian variety for a nonsingular projective variety 
X and the real dimension of <dx is equal to the rank of H . 
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Definition 5.2. For X a nonsingular projective variety, the abelian variety Qx is 
called the Picard variety of X . 

Let Z m -i(X) al9 be the group of divisors on X which are algebraically equivalent 
to zero. 

Definition 5.3. (Weil's construction) Define a group homomorphism w : Z m -i(X) alg 
Q x by 

w(Z) = e 

where e S Qx is the special multiplicator-set of 4> and Z is the divisor defined by <j>. 

For the reader's convenience, we recall a definition from |2U| . 

Definition 5.4. An analytic family of divisors on a nonsingular projective variety 
X parametrized by a nonsingular projective variety S is an algebraic cycle V on 

S x X such that V s := Pr*(V»(s x X)) is a divisor on X (where Pr : S x X ► X 

is the projection and • is the intersection product). A mapping f : Z m -i(X) alg — > 
Qx is said to be analytic if for any analytic family of divisors algebraically equivalent 
to zero on X , parametrized by S, the map f o A : S — ► Qx is an analytic map 
where A : S ► Z m —i(X) s is the parametrization. 

Let Z m -x(Xy vn be the group of divisors on X which are linearly equivalent to 
zero. The following is the "Main Theorem" in Weil's paper |20| . 

Theorem 5.5. The surjective group homomorphism w : Z m ^i(X) alg — ► Qx in 
Weil's construction is analytic and the kernel of w is Z m -\{X) . There is a 
bijective parametrization A : 9^ — ► z m ~i(v) H " ■ 

The main result we need is that the topology on Qx is actually same as the 
topology on -^^jxjttt- 

Corollary 5.6. The map w : Z m ^i(X) al9 — > Qx in Weil's construction is con- 
tinuous and therefore it induces a topological group isomorphism 

„ Z m _i(X)°'fl 

U ' : Z m _ 1 (X)«n^ eX - 

Proof. We may form a topology on Z m -i{X) 9 by declaring that a set U C 
Z m -i(X) 9 is open if and only for all parametrizations A : S — ► Z m -i(X) alg , 
A _1 (C/) is open. By Theorem 2.16 in this topology coincides with the Chow 
topology. Combining this with Theorem 15. 51 we have that w is a continuous map. 
From Weil's construction, w o A =the identity map. Since Qx is compact, A is a 
topological group isomorphism, which implies that w is a topological group isomor- 
phism. □ 

Definition 5.7. We say that a complex manifold (M, — ) with a map — : M ► M 

is real if the map — is an antiholomorphic map and — 2 =the identity map. The 
map — is called the conjugation of M . 

All nonsingular projective varieties defined by real polynomials in P™ have a 
natural conjugation which is induced by the standard conjugation of P n . 

Definition 5.8. If X and X are real complex manifolds and the covering map 
p : X — > X satisfies p(z) — p(z) for all z £ X , then the covering is said to be real. 
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Lemma 5.9. Suppose that p : (X, y) — ► (X, x) is a covering map where X is 
a complex manifold and X is real complex manifold. Then the conjugation on X 
induces a conjugation on X such that the covering is real. 

Proof. For each point t G X, take a small connected open neighborhood Ut and 
a biholomorphic local trivialization fa : p _1 ([/t) — ► Ut x F where F is the fibre 
which is discrete. We may take U t small enough and make Uj = Ut for all t. We 
define a conjugation on Ut x F by (w, b) = (w, b). Suppose that z is a point in the 
fibre over Ut, define z = faj fa(z). It is not difficult to check that z — z. The map 
fa ° fij 1 : U t nU s x F — ► U t n U s x F is given by (w, b) — ► (w, gb) where g is a 
bijection from F to F. Thus (f>^ 1 o(j)J 1 is real, i.e., far ofaj (w, b) — fa^ x o fa^ (w, b). 

It is then easy to verify that faj fa(z) = 0J 1 4> s {z) in the overlap of Ut and U s . So z 
is well defined. Since on Ut x F for any t, the map sending z to z is antiholomorphic, 
thus the map we just defined is a conjugation on X. □ 

We remark that this conjugation depends on the choice of local trivializations, 
for instance in the case of trivial covering space X = X x F. 

Definition 5.10. Suppose that p : (X,x) — ► (X,x) is a real abelian covering and 
a is a deck transformation induced by a loop [/] € 7Ti (X, x) . Let 7 be a path from 
x to x and let g — 7 _1 * / * 7 be the loop at x, defined by traveling from x to x 
along 7, going around x along the conjugation of f and then traveling back to x 
along 7 with opposite direction. Let er be the deck transformation defined by g. If 
we take another path 7' from x to x and let g' = 7' 1 * / * 7', then it is easy to 
show that g'g^ 1 is an element in the commutator group, thus g' defines a same deck 
transformation as g does. We can check that 

f (z) = <t{z) 

for all z G X . We say that a is real if a = a. 

From the theory of covering spaces, we know that a is real if and only [/] = [g] 
in tti(X, x)/p,(iri(X,x)). 

If X is a nonsingular real projective manifold and 4> is a multiplicative function 
on X, define 4>{z) := (f>(z) which is also a multiplicative function on X. 

Let e G 6x be a special multiplicator-set and define e(er) := e(cf). If e = e, then 
we say that e is real. The map e — > e induces a conjugation on Qx which makes 
Ox a real complex manifold. 

Lemma 5.11. Suppose that p : (X,x) — ► (X, x) is a real abelian covering and 
X is a real projective manifold. Let Z be a divisor of X . If cf) is a multiplicative 
function defining Z , with multiplicator-set e, then cf) is a multiplicative function 
defining Z, with multiplicator-set e. 

Proof. %{a{y)) = fa^yj) = WW) = WW) = ^(vW □ 

It was shown by Weil in [23j that a divisor Z on X is linearly equivalent to if 
and only if for a multiplicative function <jj defining Z , the special multiplicator-set 
e of is 1. Therefore, since Z is defined by <fi with multiplicator-set e, this implies 
that Z is also linearly equivalent to 0. So the conjugation on Z m -i(X) alg passes 



By Lemma f5. Ill it is clear that we have the following result. 
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Theorem 5.12. Suppose that p : (X,x) — ► (X, x) is a real abelian covering and 
X is a real projective manifold. Then the map w : g^^Tyfro — ► 6x in Weil's 
construction is real, i.e., w([Z]) = w(Z) for all Z £ Z m _i(X) al9 . 

Definition 5.13. Suppose that p : (X,x) — > (X,x) is a real abelian covering and 
X is a real projective manifold. We say that X is real symmetric if all the deck 
transformations of X are real. 

Proposition 5.14. Suppose that p : (X,x) — > (X,x) is a real abelian covering 
and X is real symmetric. If a divisor Z is algebraically equivalent to 0, then the 
averaged divisor Z + Z is linearly equivalent to 0. 

Proof. Let be a meromorphic multiplicative function defining Z, with special 
multiplicator-set e. Since all deck transformations are real, we have e(<r) = e(cr) for 
all a G H. Then e(a)e(a) = 1 which implies that Z + Z is linearly equivalent to 
0. □ 

Corollary 5.15. A projective curve X is not real symmetric if the genus g of X 
is greater than 0. 

Proof. Let pel and D = p + p. For a divisor E on X, let L(E) be the dimension 
of H°(X,[E]) where [E] is the line bundle associated to E, and let \E\ be the 
linear system associated to E. If g = 1, by Riemann-Roch theorem, we have 
L(D) = 2. If g > 1, L(D) > 1 and L(K — D) > 1 where K is a canonical divisor 
on X, then by Clifford's theorem, L(D) < 2. Assume that for every q £ X, q + q 
is linearly equivalently to D. Then dim\D\ = L(D) —1 = 1. Consider the set 
%A X ) = SP 2 {X) of effective divisors of degree 2 where SP 2 (X) is the 2-fold 
symmetric product of X. We have ^0,2 POr = SP 2 (X)^ — {q + q\q £ X} and by 
the assumption we have %,2pQ]R C \D\ = P 1 . Since the map X — > SP 2 (X)]g i 
defined by a — ► a + a is a homeomorphism, it gives an embedding of X into P 1 
which is impossible. Therefore, there exists q G X such that q + q^ \D\. Since 
p — q is algebraically equivalent to zero but (p — q) + (p — q) = (p + p) — (q + q) is 
not linearly equivalent to zero, this contradicts to the conclusion of Corollary 15. 141 
Hence, X is not real symmetric. □ 

Lemma 5.16. If D is a real divisor which is linearly equivalent to 0, then there is 
a real rational function F such that D = (F), the divisor defined by F . 

Proof. Let D = D\ — D2 where D\ and D2 are effective real divisors. Since D is 
linearly equivalent to zero, there exists a rational functions F = jj such that D = 
(F). Suppose that (/) = Di + D 3 , (g) = D 2 +D 3 . Since D 3 + D 3 is a real divisor, we 
can take a real homogeneous polynomial h such that (h) — D3 + D3 + D4. We show 
that we can find a real homogeneous polynomial which defines the divisor (fh). By 
splitting the coefficients of fh into the form x+iy, we may write fh = G+iH where 
G,H are real homogeneous polynomials. If G is zero, then (fh) = (iH) = (H). If 
G is not zero, then the degree of G equals to the degree of fh. If f(z)h(z) = 0, then 
f(z)h{z) = 0. We have G(z) + iH(z) = and G(z) + iH(z) = G(z) - iH(z) = 0. 
This implies that G(z) = 0. Thus (G) = (fh) = D 1 + 2D 3 + D 3 + D 4 is a 
real divisor. Similarly, we can find a real homogenous polynomial G' such that 
(G') = (gh) = D 2 + 2D 3 + D 3 + D 4 . Therefore, D = (fh) - (gh) = (§). □ 
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Proposition 5.17. If D is a real divisor which is linearly equivalent to 0, then D 
is in the O-component of Z m — i 

Proof. Let (x,y) G C 2 \{0}, D = (F) where F is a real rational function. Let 
V x ,y be the divisor defined by x + yF. We have Vo,i = D and Vi,o = 0. Let 
7 : [0, 1] — ► C 2 \{0} be the path given by j(t) = (t, 1 - t). Then each V l(t ) is real 
and this gives a path in Z TO _i(X)m joining D and 0. □ 

It follows from this result that we do not have to distinguish between real and 
complex linear equivalence in Z m -i(X)^. 

Denote Z m -i(X)^ to be the 0-component of Z m ^ 1 (X)R and Z m -i{X) l ^ n = {a6 
Z m -\{X)w\a is linearly equivalent to 0}. 

Corollary 5.18. Suppose that X is a real nonsingular projective variety of dimen- 
sion to. We have the following inclusions: 

Zm— iPOk" c Z m -i(X) R c Z m -i(X) a 9 

Definition 5.19. Let R m ^ 1 (X)° be the connected component of R m -i(X) contain- 
ing and R m -i{X) hn = {a+Z m _i(X) av \a is linearly equivalent to some b, where b G 

It is easy to check the following result. 

Lemma 5.20. Suppose that X is a nonsingular real projective variety of dimension 
to. Then 

Rm-i(X) Z ™-i(X)°m 



(x)lnz m ^(xy 



-"m-l 



R i{X) lin — Zm-i(X)^ n 



z m _i(i)Jj»n4-iffl c 



The inclusion map R m -\{X) lm <^-> R m _i(X)° is a closed embedding. We will 
abusively denote the image of i? m _i(X)' m in # m _i(X)° by R m ^ 1 (X) lm . 

Let Pic°(X) be the group of holomorphic line bundles on X whose first Chern 
class are zero. There is an isomorphism 

where u maps a divisor Z to the line bundle associated to Z. We give a topology 
on Pic (X) by making u a homeomorphism. For L G Pic°(X), L = [c] for some 
c G Z m -i(X) alg . We define L — [c]. Then the map u is real. We have the following 
commutative diagram and each map is a real topological group isomorphism: 

Q x ™ ^ Plc {X) 



Z m ^ 1 (X) al <' 

Definition 5.21. We say that a holomorphic line bundle L on a nonsingular pro- 
jective variety X is real if L is the line bundle associated to some real divisor, and 
L is averaged if L is the line bundle associated to some averaged divisor. Denote 
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Pic°(X)s_ to be the 0-component of real line bundles and Pic (X) av to be the 0- 
component of averaged line bundles. We define the reduced real Picard group of X 
to be 



„,^_ Pic°(X)i 



RPid\X) = 



Pic°(X) av 
which is a topological abelian group. 

The real isomorphism u gives us the following result. 

Theorem 5.22. For a nonsingular real projective variety X of dimension m, we 
have a topological group isomorphism: 

u : ¥^4$£ — > RPic°(X) 

and we getTr k RPic°(X) =0ifk^ \ ; - Kl R m _ l (Xf = Tr 1 R m - 1 {X) lm miRPic a (X), 
and TTiR m -x{Xf = ^R m ^{X) Un for i ? 1. 

Proof. Since Pic°(X)r, Pic°(X) av are closed subgroups of Pic°(X), they are real 
tori. The results follow from the homotopy sequences induced by the two exact 
sequences: 

>■ Pic°(X) av Pic°(X) w RPic°(X) > 



^ i? m _i(X) im R m -i(X)° RPic°{X) 

□ 

We may as well as define the reduced real Picard group to be 

6° 

RPic°(X)= x 



where O^- R is the 0-component of the group of multiplicator-sets in ©x which are 
invariant under the conjugation of 8x, and <dx,av is the 0-component of the group 
consisting of multiplicator-sets of the form ee for e G Ox- From the commutative 
diagram above it is easy to see that these two topological groups are isomorphic. 

Corollary 5.23. If a nonsingular real projective variety X of dimension m is real 
symmetric, then RPic°(X) is the trivial group and therefore R° n _ 1 (X) = R™_ X {X). 

Proof. Let e : H\ (X, Z) — > S 1 be a real special multiplicator-set in Ox • If A" is real 
symmetric, then e(cr) = e(tr) for all a £ H\(X, Z) which implies that e(o~) = 1 or — 1. 
Hence ©x,r is discrete and therefore Q XR is trivial which implies that RPic°(X) 
is trivial and hence R^^X) = R l ™_ □ 

6. Examples 

In this section we are going to compute the reduced real Lawson homology groups 
of divisors. 

Let us recall a computation done by Friedlander in [2j, Theorem 4.6. 



18 



JYH-HAUR TEH 



Theorem 6.1. Suppose that X is a nonsingular projective variety of dimension 
m. Then 

NS{X), ifk = Q; 
niPic°(X), ifk = l) 
Z, ifk= 2; 

0, othwerwise. 



^kZ m -i(X) = 



We make a similar calculation for the real case by the method developed in this 
paper. 

Proposition 6.2. Suppose that X is a nonsingular real projective variety of di- 
mension m. Then 

( NS(X) M , */fc = 0; 

7r k Z m -i{X) M = I Z 2 ® ^ 1 Pic°(X) R , ifk = 1; 

[ 0, othwerwise. 

where NS(X)]& is the real Neron-Severi group which is defined to be TtoZ m -i{X)^. 
Proof. Suppose that IcP. Let 

R[z a ,...,Z n ] 

K[x]m = wo 

be the real coordinate ring of X where -Zr(X) C R[zq, ...,z n ] is the ideal of real 
polynomials vanishing over X. Let if[X]R = ®kL Ik where Ik is the real vector 
space generated by homogeneous polynomials of degree k of X . Define 

Kd = {(-)\f,geld} 

9 

and by Lemma 15.161 we have a filtration 

• • • c Kd C Kd+x c • • • = Z m _i(I)| n . 

Let I = limrf^oo PI d x PI d , A d = diagonal of PI d x PI d , and A = lim^oo A d 
where PI d is the real projectivisation of I d , thus / = K{T,2 © Z 2 , 1), A = K (Z 2 , 1). 
For (f ll9l ) G VI dl x ¥I dl , (/ 2 ,«? 2 ) G ¥I d2 x PI d21 we define (/i, 5 i) • (/ 2 , 52 ) := 
(A/2,3152) which induces a monoid structure on / and A. 

Let I, A be the naive group completions of I and A respectively. Since all A d , PI d 
are compact CW-complexes, the monoids A and / are free, strongly properly 
graded (see ^3] for the definitions), by Theorem 4.4' of ^2], /, A are homotopy 
equivalent to their homotopy theoretic group completions respectively. Hence ix^I — 
7Tfc/, and 7TfcA = irk A for k > and ttqI — 7roA = Z. Since (I, A) is a properly 
c-filtered free pair of monoids, by Theorem 5.2 of [14] . we have a fibration 

A *-J 



I/A 

which implies that I / A = i"T(Z 2 , 1). 

There is a surjective monoid homomorphism <f> : I — > Z m -i(X) l ^ n defined by 
(f>(f,g) = (|). We extend it to a group homomorphism : I — > Z m _i(X)^ 
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by defining </>((/, g) - (/' ,g') )_=#/, g) - <f>(J' >S')- The kernel of <f> is A, hence 
Z m -i(X)$ n is isomorphic to I/A therefore Z m _i(X)g™ S K(Z 2 , 1). 

Since ^ m ~ 1 /^Hn = P*c°(X) R , and the group Pic°(X) R is a closed subgroup of 

Pic°(X), thus a real torus, from the homotopy sequence induced by the short exact 
sequence 

Z m ^(XYi n Z m _iWJ »- Pic°(X) R — - o . 



we have 

Z 2 ®TT 1 Pic°{X) R , ifjfe = l; 
0, otherwise. 
This completes the proof. □ 

Proposition 6.3. For a nonsingular real projective variety X , NS(X) R is finitely 
generated. 

Proof. Let m be the dimension of X and let 

Vi^nViW" 



H 



Z m -i{X) 



I in 



By Proposition ^. 171 H is embedded as a closed subgroup of Pic°(X) = ^^Tywg 

hence H is a Lie subgroup of Pic°(X) therefore no(H) is finitely generated. The in- 
clusion map i : Pic(X) R — > Pic(X) induces a map i* : JV5(X)k = 7To(Pic(X)R) — > 
7r (P«c(X)) whose kernel is n (H), and because 7r (Pic(A")) is finitely generated 
hence NS(X) R is finitely generated. □ 

Let 

T= {a-b\a + a = b + b,a,betf m - 1 (X)}. 
Lemma 6.4. T = {a - a\a <G %n-i(X)}. 

Proof. Suppose that a, b £ c t? m -i(X) and a + a = 6 + Write a = where 
each Vi is an irreducible subvariety and rii > 0. Since a — b 6 T, we may assume 
that a and & have no common irreducible subvariety components. From the relation 
a + a = b + b, we see that each Vi must be a component of b. Thus b = a. □ 

The following observation is the main tool that we are going to use to compute 

Rm-l(X). 

Proposition 6.5. We have the following exact sequences of topological groups: 

(1) — ^ m _ 1 (X) M Z m _i(X) T — ► 

(2) — ► T <—* Z m ^(X) ^ — » 

where Sa(c) — c — c and Av(c) = c+c 7 the groups T and Z m ^i{X) av are isomorphic 
as a topological group to z m ~i(x) R an( ^ Zm ~^ X ^ respectively. 

Proof. A direct verification shows that the sequences are exact. To show that T 

z (X) 

is isomorphic as a topological group to z "*~ 1 (x) T ' ^ sumces to prove that Sa is 
a closed map. Let K\ C K 2 C • • ■ C Z m -i(X) be the canonical filtration. The 
topology of T is the subspace topology of Z m -\{X). For C C Z TO _i(X) a closed 
subset, C (~l AT„ is compact and Sa(C (~1 if n ) = Sa(C) f] K 2n which is closed for 
any n, so Sa is a closed map. The map Av is a closed map which is proved in 
Proposition 14. 21 □ 
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Lemma 6.6. Suppose that X is a nonsingular real projective variety of dimension 
m . 

(1) For k > 2, ■KkZ m _i(X) av is a 2-torsion group. 

(2) The homotopy group 

( 0, ifk > 2; 

n k T= t Z, ifk = 2; 

and hence TtkT is free for k > 0. 

(3) J/ ff 1 ^ C) = and NS(X) is free, then ir„T is free. 

Proof. (1) For a continuous map / : S k — > Z ro _i(X) a " where k > 2, 2/(i) £ 
2Z m _ 1 (X) R C Z m _!(X)<"-'. But since 7r fc (2Z m _ 1 (X) R ) = 7r k (Z m ^(X) R ) = 
for k > 2, we see that 2/ is null homotopic. Thus irkZ m _i(X) av is a 2- 
torsion group for k > 2. 

(2) Let T° be the zero-component of T. Since T is a closed subgroup of 
Z m -i(X), -g — ^ = Pic°(X) is a closed embedding 
and hence — "Txjns ^ s a closed Lie subgroup of Pic°(X) which implies 
that 7Tfc-g — ^(xy in 1S ^ ree ^ or ^ > 0- By a similar calculation of the homo- 
topy type of Z m _i(X)g™ in Proposition^ we get Z m -i(X) Un S K(Z, 2). 
From the homotopy sequence induced by the short exact sequence 

Z m ^(X) 1 ™ T z m J(x)^ 

we get the result. 

(3) Since H^X.C) = 0, Pic°{X) is trivial, hence Z m _ x {X) ala = Z m _ Y (X) lln . 
Then 7r Z m _ 1 (X) = ^™~(xy in lii ^ ree fr° m th° hypothesis. From the 
homotopy sequence induced by the short exact sequence above, we see that 
■kqT is also free. 

□ 

Theorem 6.7. For a nonsingular real projective X of dimension m, irkR m -i{X) = 
for k > 2. 

Proof. Consider the two exact sequences in Proposition 16. 51 

(1) — ► Z m _i(X) R Z m _i(X) T — ► 

(2) — ► T Z m _i(X) Z m _i(X)«" — » 

From the homotopy sequence induced by the first exact sequence, we see that 
7TfcT = if k > 2. And from the homotopy sequence induced by the second exact 

sequence, we get 7r 3 Z m _i(X)™ H ir 2 T ^ ir 2 Z m - 1 (X) -» naZ^-ipO " ^ 
ttiT — » 7TiZ m _i(X) By Lemma 16.61 the groups 7TiT, are free and the 

groups 7r2Z m _i(X) a ", W3Z m -i(X) av are 2-torsion groups, thus <f>\,<f>2 are 0-maps 
and 7r 3 Z m _i(A)™ - 0. 

Consider the composition of the maps: T -i Z m —\{X) ^4 T which is 2id : T — ► 

T, and consider the induced maps on homotopy groups: K2T — ir2Z m -i(X) 
■K2I '■ All of these groups are isomorphic to Z and pi* oz 2 * = 2id* which is of degree 
2. If pi* : %2Z m —i(X) — > 1T2T is of degree 1, from the homotopy sequence induced 
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by the first exact sequence, we have — * K2Z m -i(X) -k-iT — ► 7TiZ to _i(X)k — > 
TTiZ m -i(X) — > ••• which implies that 7riZ m _i(A")R is mapped injectively into 
TTiZ m -i(X) which is impossible. Thus pi* is of degree 2 and «2* is of degree 1. 
Since (f>2 is a 0-map, we have ■K2Z m -x{X) av = 0. 

The result now follows from the homotopy sequence induced by 

^ Z m ^{X) aV ^ Z m -!(X) U >- Rrn-l(X) > 

□ 

Definition 6.8. Suppose that X is a nonsingular real projective variety. The Picard 
number p{X) is the rank of the free part of TToZ m ^i(X), and we call RNS(X) = 
^oRm-iiX) the reduced real Neron-Severi group of X. 

Corollary 6.9. Suppose that X is a nonsingular real projective variety of dimen- 
sion m, we have the following relation: 

p(X) + 1 = dim% 2 RNS(X) + dimwit \R m -\{X) + dimj l2 'K2Rm-i{X)mod2 

Proof. By the fundamental theorem on finitely generated abelian groups, noZ m — i(X) = 
Z fe © Z| © G where k = p(X), t is a nonnegative integer, and G is in the torsion 
part of TToZ m -i(X) where Z2 is not a direct summand of G. 
From the homotopy sequence induced by 

*~ 2Z m -i(X) Z m _i(X) *• 2Z m -^\x) 

and the homotopy groups of Z m -\{X), we have an exact sequence: — * TT 2 2Z m ^i(X) — » 

K2Z m -l(X) — > 7T 2 ( 2 Z Z~-[(X) ) ~* n l2Zm-l(X) ^lZm-l(X) — > 7Ti ( ^Z^'l^X) ) 

7r 2Z m _i(X) -> n Z m -i(X) -> 7ro( 2 ^7„1 1 1 ( (A) ) ~* °- Tne ma P ** : n*2Z m -i(X) -> 
■K*Z m _i(X) is easily seen to be a map of degree 2, hence n 2 ( jz^^iTx) ) = 
dim% 2 7Ti ( 2 ^T - ) = rkPicP (X) + t, and cfe 7r ( 2 ^T - ) = k + t. Therefore 
Sn=o dimz 2 7r„ ( 2 ^"' - ) = 1 + rkPic°(X) + 2t + k and we note that the rank of 
the Picard variety Pic (A") is even. The result now follows from Theorem 16.71 and 
Theorem 14.61 

□ 

Corollary 6.10. Suppose that X is a nonsingular projective variety of dimension 
m. We assume that H (X, C) = and NS(X) is free. Then we have 

p{X) + 1 = dimz 2 RNS{X) + dim% 2 'K 1 R m - l {X)mod2. 



Proof. By Lemma HHfl ttqT is free. Since Pic°(X) is trivial, 7TiZ m _i(X) = 0. Con- 
sider the homotopy sequence induced by the second exact sequence of Proposition 
16.51 we have 

• • • — » H\Z m ^\{X) — > 7TlZ m _lpf ^ — » 7ToT — > 

which implies that 7riZ TO _i(X)° 1 ' is free. From the homotopy sequence induced 
by the exact sequence — » Z m _i(Jf) au — > Z m _i(X)g — > i? TO _i(X) — > and 
Theorem 16.71 we have an exact sequence — » 7T2-R m _i(X) — v iriZ m ^i(X) av , but 
since 7T2-R TO _i(X) is 2-torsion, this implies 7T2-R m -i(X) =0. □ 
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Corollary 6.11. If X is a real complete intersection of dimension > 1, then 
dimz, 2 RNS(X) = dimz 2 TTiR m -i(X)mod2. 

Proof. By the weak Lefschetz theorem and the exponential sequence on X, we 
have NS(X) S Z and F^X.C) = 0, so p{X) = 1. The result then follows from 
Corollary RHUl □ 
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